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Abstract 

In this note we try to understand and present some of the relevant logics in what we 
think is the mathematically tidier way. Since we want to use Category Theory for 
our models, we want to have (cut-free) Gentzen-style sequent calculus formulations 
for our systems. We present the systems, discuss their semantics ( categorical and 
algebraic) and then relate th~m to the existing Relevant Logics. 

KEYWORDS: Gentzen sequent calculus, Linear Logic, Relevant Logics, Cat­
egory Theory, Categorical Logic. 

1 Introduction 

Intuitionistic Propos1tional Logic when originally presented by Gentzen in a sequent-

calculus formulation LJ has three structural rules Permutation, Contraction and 

Weakening: 

r,A,B,r' r- e r,A,A,~ r- e . 

(P) r B A r' r- e (e) r A~ r- e 
---------·~~·~·----------- ' ' 

r.~ r- e 
(W) r A~ r- e 

' ' 
*This paper was wriÚen when the author was'visiting the Computer Lahoratory, UniverHity of 

Cambridge. 
.• 
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There has been recently a reasonable amount of work on the hierarchy of logics 

that result when we get rid of sorne ( or all) of the structural rules. The resulting 

logical systems h.ave been called substructuml logics. The lack of the rule of Con- · 

traction means that each occurrence of a formula counts as a dillerent formula, Jmd 

so the contexts on the left of the turnstile must correspond to multisets and not 

only to sets. This accmmts for the name of occurrence lagics, and they have the 

particularity that the complexity of a sequent must increase in the course of a proof. 

Also, the lack of the Weakening rule shows that the logic is non-monotonic in the 

weak sense that if we are able to derive a formula e hom a multiset r of premisses 

we can say nothing about the same e being derivable from r plus other premisses. 

It also means that in the antecedent of the sequent we must only put assumptions 

that are important (relevant) to the derivation of a formula. 

Girard's Lineár Logic gets rid of the two structural rules of Contraction and 

Weakening in one go (neither they hold nor they are derivable rules). As a result we 

obtain the well-known splitting of the logical conjunction and disjunction into two 

versions: one multiplicative and one additive. Also, the (multiplicative) implication 

we get behaves 'like' a relevant implication. 

In this note we try to understand and present sorne of the relev-dllt logics in what 

we think is the mathematically tidier way. Since we want to use Category Theory fo:r 

our modcls, wc want to havc (cut-free) Gentzcn-st.ylc scqucnt ea.kulus formulations 

for o'ur systcms. We present thc syst('UlS, di~cuss th<'ir semautks ( catq¡;nrica1 and 

algehmic) and UH'll n'late t.lH'lll t.o t.lH' I'Xistinp; Reln<ml Login.;. 
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2 Tensor-Implica.tion Logic 

As it is usual in relevantists' work, we will begin our development by presenting the 

system that deals with the fragment implicational of the logic and we will add the 

other connectives later. But, because we want- to work with Category Theory we 

believe that it is easier to begin with the fragment which has the multiplicative con-

junction, or tensor Q9 (and its respective unit), and the implication -o connectives. 

We present a Gentzen-style sequent calculus and call this system TI : 

Structural Rules: 

( I dentity) --· 
A f-A 

Logical Rules: 

-o¡ 

r,A,B,r' r- e 
(P)----
. r,B,A,r' r- e 

r r- A 
[¡---­

r, I f- A 

r r- A ~.B r- e 
r,~,A -o B r-e 

r f- A A, L).. f- B 
(eut)---~--­

r, D. r- B 

l,­
f--I 

r,A f- B 
-or 

ff--A-oB 

r,A,B r- e 
@¡----­

f,A@B r-e 
rr-A LlrB 

@,---~--
r,Ll f- A@B 

Dueto the lack of traditional rules of Coritraction and Weakening, in this calculus 

capital Greek letters (eg. f) stand for (finite) multisets (or bags) of assumptions. It 

might help the reader to think of the multiplicative conjunction or tensor connective 

@ as a juxtaposition of data, so one can reorder data but one cannot duplicate or 

erase it. Tensor is a weak form of conjunction and the constant I is the identity for 

it. The linear implication A -o B can be thought of a function which looks at its 

argument exactly once. 
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This calculus admits cut elimination [1], i.e. every derivation which uses the 

rule (Cut) can be transformed into a cut free derivation. This h¡;ts very pleasant 

consequences: the consistency of the system and the subformula property (a cut 

free proof contains only subformulas of the sequent it proves). The system TI 

above is called in sorne papers with computationallinguistic motivations the Lambek 

Calculus with Permutation LP ([2]). 

The lack of Weakening means that .in the antecedent of the sequent we must only 

put assumptions that are important (relevant) to derive a formula. Hence, we think 

of TI as one of the simplest Relevant Logics1. The. basic idea of Relevant Logic is to 

constraint odd entailments and so, a well formed implicational formula is one where 

the antecedent really produce the consequent. 

The system TI corresponds to the implicational plus cotenability ( and the con­

stant called t) fragment of the relevant logic RW ([4],[5]). 

There are several different notations for algebraic models of TI. We follow the 

algebraic approach of thinking first of tensor logic and then adding implication. 

Thus, to model tensor logic we use .any ordered monoid [6], the idea is that the 

partial order :::; models entailment and the monoidal operation o models both the 

comma and the tensor connective. To model tensor-implication logic we use any 

closed poset [6]. 

Categorical Logic is a well-established branch of Mathematical Logic and we 

take it for granted in this work. As every poset is a 'trivial kind of category ( the 

category where all the maps from A to B are the "same" map) it makes sense to 

1 as a relevant logic it is a paraconsistent logic too [3]. 
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look fo:r more gen<Pral models which pres<Prvt> th<P distinction of maps. This is an 

oversimplified description but one can say that the natural g<Pneralization of the 

concept of an ordered symmetric monoid is a symmetric monoidal category [7], and 

the generalization of a closed poset is a symmetric mono~dal closed category [7]. 

3 Extensions of the Tensmr-Implication Calculus 

When we are working with a sequent-calculu.s with all the stmcturalrules, like LJ, 

we have that these stmctural rules hold in the sense up-to-down and then, with the 

help of the other rules, it is possible to derive the other direction. But, when any 

of the structu.ral rule lacks we are not more able to condude all the senses down­

to-up from the permitted rules. So, if we want only to drop a structural rule of the 

calculus but preserving the whole e:ffect of the other rules, we must add whichever 

of the other senses of the rules is lacking. Thus, for example, if we drop the rule of 

Weakening it is not more possible to condude that the converse of the Contraction 

rule is valid, and this is important when we are worried with the number of times a 

formula appears in a derivation. 

Therefore, we have that the system TI plus Contractionl is the same as the 

implicational fragment of Relevant · Logic R with cotenability and the constant t 

([4],[5]). And, on the other hand, if we think th<.t the converse of the Contraction 

( called premise repetition) is also allowed we obtain another traditional relevance 

logic, RMO_ ([4], (5]). The system RMO_ has the implication axioms of the rele­

vant logic plus the mingle axiom. Meyer has shown that RM (the system obtained 

adding the mingle axiom to the full system R) is not a conservative extension of 
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RMO~. 

We have that the algebraic structure needed to model TI plus Contraction(l) is 

any closed poset (M,:::;, o, e, -o) where o is square-increasíng, i.e., a :::; a o a for all a 

in M. We call this structure a Church monoid. 

If the monoidal operation o is also square-decreasing, i.e. a o a :::; a then, o 1s 

idempotent and we have a model of TI plus Contraction. 

As in the previous section we want to generalise the ideas of the algebraic mod­

els. The categorical generalization of a Church monoid is is a symmetric monoidal 

category wíth diagonals [12]. And, on the other hand if we want to model the con­

verse of the Contraction rule we need the 'converse' notion of having diagonals. This 

corresponds to the concept of monoid [7]. So, a symmetric monoidal closed category 

C with diagonals where each object is a monoid models TI plus Contraction. 

If we · add to the system TI the rules corresponding to the additives & and EB 

(with their units 1 and O respectively) we obtain the system ~orresponding to the 

Intuitionistic Linear Logic ILL. The algebraic models are the dosed posets with 

fi.nite meets and joints and the categorical structures are the symmetric monoidal 

closed categories with fi.nite products and coproducts ( called linear categories). 

If we add to TI plus Contraction an axiom corresponding to the distributivity 

of the additives & and EB, i.e.the scheme axiom f, A"&; (B EB C) f- r, (A & B) ffi C, 

we obtain the corresponding system to the relevant logic R plus distributivity (with 

cotenability). We can model it easily with distributive structmes. 

Also, if we add to ILL the rules of Contraction and Weakening we obtain the 

Intuitionistic Logic system LJ ((13]) because with these two structural rules we can 
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prove that the connectives l8l and & are the same. We can model it through carlesian 

closed categories with coproducts [14] .. · 

Finally, we want to describe a semantical way of adding the structural rules of 

Contraction to Intuitionistic Lineq.r Logic to get a relevant logic. This idea has been 

independently described by Prof. Kosta Dosen [15] but in that paper semantics is 

not presented. By contrast here the ( categorical) semantics is the main motivation 

because the model so obtained is very elegant but now we will have in the calculus 

tlie S4-like rules that are difficult to deal with. . . 

The idea is simple enough. We start with a sequent presentation of ILL and we 

adda modality, ~hich we call D. This D modality satisfies the S4-like rules ([16]) as 

well as the Contraction rule. We obtain that: the sequents provable in the calculus 

correspond to the sequents provable in the relevant logic R ( without distributivity 

of the additives); and we obtain easily categorical models for this calculus. 

4 Conclusions 

A lot of work needs to be done. First as we would like to understand th~ whole 

family of Relevant Logics ~ystems like E and T need to be analyzed. Also we need 

to develop term assigment systems and .A-calculus for all the logics discused here 

and to study the models like Kripke. 

Finally, we want to make connections with several areas of Computer Science 

more explicit, mainly with some formal methods to model concurrency. 
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